Abstract. We show that a scalable frame does phase retrieval if and only if the hyperplanes of its orthogonal complements do phase retrieval. We then show this result fails in general by giving an example of a frame for R 3 which does phase retrieval but its induced hyperplanes fail phase retrieval. Moreover, we show that such frames always exist in R d for any dimension d. We also give an example of a frame in R 3 which fails phase retrieval but its perps do phase retrieval. We will also see that a family of hyperplanes doing phase retrieval in R d must contain at least 2d − 2 hyperplanes. Finally, we provide an example of six hyperplanes in R 4 which do phase retrieval.
Introduction
In some applications in engineering, the phase of a signal is lost during processing. The problem of retrieving the phase of a signal, given a set of intensity measurements, has been studied by engineers for many years. Signals passing through linear systems often result in lost or distorted phase information. This partial loss of phase information occurs in various applications including speech recognition [4, 15, 16] , and optics applications such as X-ray crystallography [3, 12, 13] . The concept of phase retrieval for Hilbert space frames was introduced in 2006 by Balan, Casazza, and Edidin [1] and since then it has become an active area of research. Phase retrieval deals with recovering the phase of a signal given intensity measurements from a redundant linear system. In phaseless reconstruction the unknown signal itself is reconstructed from these measurements. In recent literature, the two terms were used interchangeably. However it is not obvious from the definitions that the two are equivalent. Recently, authors in [6] proved that phase retrieval is equivalent to phaseless reconstruction in both the real and complex case.
Phase retrieval has been defined for vectors as well as for projections. Phase retrieval by projections occur in real life problems, such as crystal twinning [11] , where the signal is projected onto some higher dimensional subspaces and has to be recovered from the norms of the projections of the vectors onto the subspaces. We refer the reader to [8] for a detailed study of phase retrieval by projections. At times these projections are identified with their target spaces. Determining when subspaces
both do phase retrieval has given way to the notion of norm retrieval [7] , another important area of research.
In this paper we make a detailed study of phase retrieval by hyperplanes. We will see that it takes at least 2d − 2 hyperplanes to do phase retrieval in R d . We will show that scalable frames {φ i } n i=1 do phase retrieval if and only if their induced hyperplanes {φ ⊥ i } n i=1 do phase retrieval. We then give examples to show this result fails in general if the frame is not scalable. In particular, we give an example of a frame for R 3 which does phase retrieval but its induced hyperplanes fail phase retrieval. Moreover, we show that such frames always exist in R d for any dimension d. We also give an example of a family of hyperplanes in R 3 which do phase retrieval but their perp vectors fail phase retrieval. Finally, we give 6 hyperplanes in R 4 which do phase retrieval.
Preliminaries
In this section we will give the background material needed for the paper. We start with the definition of a frame.
where A and B are the lower and upper frame bounds of the frame, respectively. The frame is called an A-tight frame if A = B and is a Parseval frame if A = B = 1.
The main topics here are phase retrieval and norm retrieval in
Remark 2.4. It is easy to see that {φ i } n i=1 does phase retrieval (norm retrieval) if and only if {c i φ i } n i=1 does phase retrieval (norm retrieval), for any non-zero scalars
The paper [1] gives the minimal number of vectors needed in R d to do phase retrieval. 
Full spark is another important notion of vectors in frame theory. A formal definition is given below:
, the spark of Φ is defined as the cardinality of the smallest linearly dependent subset of Φ. When spark(Φ) = d + 1, every subset of size d is linearly independent, and in that case, Φ is said to be full spark.
We note that from the definitions it follows that full spark frames with n ≥ 2d−1 vectors have the complement property and hence do phaseless reconstruction. Also, if n = 2d − 1 then the complement property clearly implies full spark.
We will need a generalization of phase retrieval to phase retrieval by projections.
We will need a result from [8] .
does phase retrieval if and only if it does norm retrieval.
We note the following result from [8] :
The major open problem in the area of real phase retrieval is:
Problem 2.12. What is the least number of subspaces needed to do phase retrieval on R d ? What are the possible dimensions of these subspaces?
For notation we will use:
.
Phase Retrieval by Hyperplanes
We will need a result of Edidin [10] , which is also generalized in [19] .
. The following are equivalent:
We will show that for a scalable frame Φ, both Φ and Φ ⊥ do norm retrieval. For this we need a proposition.
. Then for any scalars {a i } n i=1 ⊂ R and 0 < A ∈ R, the following are equivalent.
(1) For every orthonormal basis
be the orthonormal basis of W i in (2). Then for any
be any orthonormal basis of W i . Then we have
ni j=1 is a A-tight frame. Proof. The results follow from the fact that
The other case is similar. Proof. This follows from Proposition 2.10 and Proposition 3.3.
is a scalable frame in R d then Φ does phase retrieval if and only if Φ ⊥ does phase retrieval.
Proof. If P i is the projection onto span{φ i } then for any
Since Φ is scalable then there exist scalars
is a A-tight frame.
Therefore, for any
The result follows by Corollary 3.4. Now we will give examples to show that the Corollary 3.5 does not hold in general without the assumption the frame being scalable. First, let us examine the obvious approach to see why it fails in general. It is known that if {φ i } n i=1 does phase retrieval and T is an invertible operator then
is any frame with frame operator S which does phase retrieval,
is a Parseval frame and so
, does phase retrieval. So we would like to apply the invertible operator S −1/2 to our hyperplanes to conclude that Φ ⊥ does phase retrieval. The problem is that it is known [8] the invertible operators may not take subspaces doing phase retrieval to subspaces doing phase retrieval. Since
is a full spark frame of 5 vectors in R 3 then it does phase retrieval.
We have,
Let P i be the orthogonal projection onto W i , then
Corollary 3.7. There exists {φ i } 5 i=1 in R 3 which does phase retrieval but {φ
cannot do norm retrieval. Now we will generalize this example to all of R d . This example looks like it came from nowhere, so we first explain why this is logical by reverse engineering the above example in R d . We need a full spark set of unit vectors {φ i } 2d−1 i=1 (which therefore do phase retrieval on R d ) with projections P i onto span{φ i }, and a vector x so that {(I − P i )x} 2d−1 i=1 is contained in a hyperplane. So we decide in advance that the vector x will be x = (1, 1, . . . , 1) and the hyperplane will be
Given a φ = (a 1 , a 2 , . . . , a d ) of this type, we have:
(1) We have:
(2) We have:
Since this vector is to be in the hyperplane H, we have:
Combining this with (1) implies:
Now we can present the example:
Let any φ ∈ A and denote P φ the orthogonal projection onto span{φ}. Then we have
⊂ A. Now we will show that for any finite hyperplanes
Therefore, there exists j ∈ {1, . . . , k} such that W j contains infinitely many vectors in B.
Let
Then we have u, φ x = 0 for infinitely many φ x ∈ B.
for infinitely many x. This implies u 1 = u 2 = · · · = u d = 0, which is a contradiction. From above, we can pick
cannot do phase retrieval by Theorem 3.1.
In general, if hyperplanes {W i } n i=1 do phase retrieval in R d , it does not ensure that the complement vectors do phase retrieval. The following is an example.
Example 3.9. There are 5 vectors {φ i } 5 i=1 in R 3 which fail phase retrieval but their induced hyperplanes {φ
Proof. In R 3 , let Let P i be the projection onto W i . Then for any x = (x 1 , x 2 , x 3 ), we have
For any x = 0, the rank of the matrix whose the rows are P i x equals 3. Therefore,
does phase retrieval in R 3 . We also have
. Since e 1 , e 2 , u 3 ⊥ e 3 then span{e 1 , e 2 , u 3 } = R 3 . Thus, {e 1 , e 2 , u 3 , u 4 , u 5 } fails the complement property. Therefore, it cannot do phase retrieval.
An Example in R 4
In this section we will give an example of 6 hyperplanes in R 4 which do phase retrieval. First, we will show that this is the minimal number of hyperplanes which can do phase retrieval. For the moreover part, we proceed by way of contradiction. Let W ⊥ i = span{φ i } for i = 1, 2, . . . , 2d − 2 and assume there exists I ⊂ [2d − 2] with |I| = d and {φ i } i∈I does not span the whole space. Choose 0 = x ⊥ φ i for all i ∈ I. It follows that x ∈ W i for all i ∈ I and so P i x = x for all i ∈ I. But, |I c | = d − 2 and so {P i x}
contains at most d− 1 distinct elements and so cannot span, contradicting Theorem 3.1.
Now we are ready for the main result of this section. In [20] it was shown that there are six 2-dimensional subspaces of R 4 which do phase retrieval. We will now extend this result to hyperplanes in R 4 . has no non-trivial (i.e., non-zero) real solutions. We next verify the polynomial system (4.1) only has real zero solution following the ideas of Vinzant [18, Theorem 1] . Using the computer algebra software Maple, we compute a Gröbner basis of the ideal
